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Abstract. In this note, we use a result of Osserman and Schiffer | 13, to give 
a variational characterization of the catenoid. Namely, we show that subsets 
of the catenoid minimize area within a geometrically natural class of minimal 
annuli. To the best of our knowledge, this fact has gone unremarked upon in 
the literature. As an application of the techniques, we give a sharp condition 
on the lengths of a pair of connected, simple closed curves cri and 02 lying in 
parallel planes that precludes the existence of a connected minimal surface S 
with 9E = (Ti U a-2- 



1. Introduction 

Recall that the catenoid is the minimal surface of revolution surface given by 

Cat = {x\ +xl= cosh^ X3} C M^. 

The catenoid was discovered by Euler in 1744 and is one of the classic examples in 
the theory of minimal surfaces and, more broadly, in the calculus of variations. For 
instance, a sequence of homothetic blow-downs of Cat provides the simplest model 
of the failure of smooth convergence for a sequence of minimal surfaces. Due to the 
invariance of the minimal surface equation under rigid motions and homotheties 
of R^, Cat sits within a six dimensional family of catenoids which we henceforth 
denote by C. In other words, C € C ii C can be obtained from Cat by a rigid 
motion composed with a homothety. 

The catenoid (or rather C) has been characterized in many ways. We list some 
notable results: In the spirit of Euler, O. Bonnet, in the mid-nineteenth century, 
showed that the catenoid and plane are the only minimal surfaces of revolution. 
More recently, in [TB], R. Schoen showed that the catenoid is the unique complete, 
embedded, minimal surface with finite total curvature and two ends. In a similar 
vein, but by very different techniques, F. J. Lopez and A. Ros showed that the 
catenoid and plane are the unique complete, embedded minimal surfaces of finite 
total curvature and genus-zero |12| . Additionally, building on work of D. Fischer- 
Colbrie Lopez and Ros characterized the catenoid as the unique complete, 
embedded minimal surface in R"^ of Morse index one - see [11]. Finally, we note 
that in |15j pieces of the catenoid are shown to be the only minimal annuli in a slab 
that meet the boundary of the slab in a constant contact angle - a fact that will 
be relevent in this note. It bears mentioning that work of P. Collin 0] and T.H. 
Colding and W. P. Minicozzi allows one to replace the geometric assumption 
of finite total curvature in [12] and [16] with the weaker topological assumption 
that the surfaces are of finite topology - that is, diffeomorphic to finitely punctured 
compact surfaces. 
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In this note, we characterize the catenoid as the unique minimal surface which 
minimizes area within a geometrically natural class of minimal annuli. This turns 
out to be a simple consequence of the proof due to R. Osserman and M. Schiffer 
[13) of the isoperimetric inequality for minimal annuli in M.^. 

Let us now describe in what sense the catenoid minimizes area. Fix two parallel 
planes P_ , P+ C M"^ with P„ ^ and denote by 17 the open slab between them. 
We remark that for any plane P C fl, P must be parallel to P_. Let us denote 
by A^(il) the class of smooth minimal surfaces spanning P_ and P+. That is, 
S G A^(f2) if S C may be parameterized by a conformal, harmonic immersion 
F : M so that 6S := S\i; C dfl ^ P+U P-. Here M is an open orientable 

surface. Notice that an element S G M{il) may have arbitrarily bad behavior as 
one approaches 9f2; however, if S has the structure of a surface with boundary 
then = b'S. The class Ai{ft) is too broad for our methods and so we will 
restrict attention to the subclass A{il) C A4{ft) consisting of embedded annuli. 
Precisely, S G A{il) if, in addition to lying in A4{H), E may be parameterized by 
an annulus; i.e. there is a smooth embedding F : (0, 1) x § ^> with image S. It 
bears mentioning that in j8 , by using global analysis techniques, W. Meeks and B. 
White have shown that the subset of A{ft) consisting of surfaces with 61] a pair of 
C^'" (planar) convex curves has the structure of a contractible Banach manifold. 

Recall that given a pair of connected, simple closed curves (t_|_ G P_|_ and ct_ G P- 
there need not exist E G A4{fl) with dY, = a+ U a-. Indeed, for a± of sufficiently 
small length relative to the size of the slab, the existence of such a surface would 
violate the isoperimetric inequality for minimal surfaces. In Theorem 4 of [13], Os- 
serman and Schiffer give a sharp condition on the lengths of the a± that precludes 
the existence of a minimal annulus spanning the a± . In Section |4l we refine their 
result and show that their condition actually precludes the existence of any con- 
nected minimal surface spanning the curves and prove, in addition, an interesting 
rigidity result. 

It is important to emphasize that our class of surfaces consists of minimal sur- 
faces. If one were to consider classes of arbitrary surfaces spanning P_ and P+ then 
the infimum of area would be zero - as can be seen by considering thin cylinders. 
Similarly, the surfaces in A4{fl) are, in general, not stationary for area with respect 
to variations moving their boundary. In particular, we are not considering the free 
boundary problem as usually formulated for minimal surfaces. 

We claim that for some C G C, Cflfi G A{il) has less area than any other surface 
in A{il). More precisely, denote by: 

CatMS = {x\ + x\— cosh^ x-^} n {1 - xstanhaJs > 0} C Cat 

the maximally symmetric marginally stable piece of the catenoid. That is CatMS is 
stable but any domain in Cat strictly containing CatMS is unstable. Recall a mini- 
mal surface is stable if no compactly supported infinitesimal deformation decreases 
area; it is unstable if there is a compactly supported infinitesimal deformation de- 
creasing area. Marginally stable surfaces are on the boundary between these two 
classes. We show that CatMS provides the model for least area surfaces in A{^1). 

Theorem 1.1. Let P_ and P+ be distinct parallel planes in M.^ and let il be the 
open slab between them. Let Cms G A{^) be the (unique up to translations parallel 
to P±) minimal surface in A{fl) obtained from rigid motions and homotheties of 
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CatMS- Then for any S G A{^): 

(1.1) ^2(1]) > U^Cms) 
with equality if and only if Y, is a translate of Cms ■ 

Here H'^ denotes A:-dimensional Hausdorff measure. We point out that the two 
disks D± c P± with 5D+U5D_ = OCms satisfy H^{D_ UD+) < H^{Cms)- That 
is Cms is not an area minimizer with respect to its boundary even though it does 
minimize area in the class of spanning minimal annuli A{^1). 

The restriction to A{^1) in Theorem 11.11 rather than is necessitated by 

our argument. However, it seems reasonable to believe that an area minimizer, 
So e Ai{fl) should have 6Eo rather nice - for instance consisting of convex planar 
curves. Hence, in light of the embeddedness results of T. Ekholni, B. White and 
D. Wienholtz [5] and a long standing conjecture of W. Meeks on the non-existence 
of postive genus surfaces in bounded by convex curves (see Conjecture 3.10 

of [I]), it is natural to conjecture: 

Conjecture 1.2. Let P_ and P+ be distinct parallel planes in R'^ and let fl be the 
open slab between them. Let Cms G M.{^) be the (unique up to translations parallel 
to P±) minimal surface in A^(r2) obtained from rigid motions and homotheties of 
CatMS- Then for any S G 7M(ri); 

(1.2) H2(S) > lte{CMs) 
with equality if and only if Y, is a translate of Cms ■ 

Returning to the more restricted setting of A{^)^ we note that Theorem 1 1.1 1 is a 
simple consequence of a more general area minimization property of the catenoid. 
Indeed, minimal annuli have a natural scale which may be computed as the length 
of the flux vector associated to the generator of the homology group - we refer to 
Section [27l1 for precise definitions. Normalizing with respect to this scale gives an 
area lower bound: 

Theorem 1.3. Let P_ = {x^ — and P+ — {x^ = be distinct parallel 
planes in M^" with h^ < and let f2 be the open slab between them. Fix E G A(fl). 
Let Pq = {x3 = ho} C f2 denote the plane that satisfies: 

n^YnPo)^ inf H\Yt). 

Here Et = E n {a;3 = t} and 'H^(E n P+) is defined as liminfj/i/i^ ?^^(Et) and 
likewise forH^CYHP-). Let P3 denote the vertical component of Flux{T,). If C 
is the vertical catenoid with Flux(C) — (0,0, P3) and symmetric with respect to 
reflection through the plane Pq then: 

(1.3) n^{Y) >n^{c r\Q) 

with equality if and only if Y, is a translate of C HQ. 

The proof of Theorem 11.31 will comprise the bulk of this note. Let us first use it 
to prove Theorem ll.il 

Proof. By Theorem 11.31 the least area surface must be a piece of a catenoid. Up 
to a rescaling and rigid motion we may take il = {— l<a;3<l} and so may 
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restrict attention to subsets of vertical catenoids. The space of these catenoids are 
parameterized by A > and t where 

Catx^t — XCat + te^. 

Set 

A{x,t) = n'^iCatx^tnn). 

We will check that this value is minimized at Ao,io chosen so Cat\g,to n = 
XoCatMS- 

Let us parameterize a scale A vertical catenoid by 

Fx{h,9) = (Acosh YCOs6',Acosh Ysinfl, /i). 

A A 

Then we have by the area formula: 



A{X,t) = A / / cosh^ -dOdh 



-i-t Jo 

2 ,1 2h h ^ ^=^-' 
2TrX^ - sinh — + — 



4 A 2A 



A^TT / . , 2(1 -t) . , 2(-l -t)\ „ , 

= — sinh — - sinh + 2-kX 

2 y A Ay 

2 2t 2 

= A TT cosh — sinh — + 27rA. 
A A 

It is elementary to check that A(A,t) ^ oo as |(lnA,t)| — > oo, so in order to 
find the least area catenoid we look for critical points of A. We expect these to 
occur for catenoids that are symmetric about the plane {2:3 = 0}. Indeed, dtA = 
27rA sinh ^ sinh j and this equals zero if and only if t = and hence to = 0. Thus, 
we need only find A so 

2 2 

= dxA{X, 0) ^ 27rA sinh - - 27r cosh - + 27r 

A A 



Using cosh a; = 1/1 + sinh^ x, this equation is equivalent to solving: 

(A^ - 1) sinh^ ^ + 2A sinh ^ = 
A A 

which has a unique solution A = Ao ~ 0.833 determined by 

2A 2 

(1.4) T^ = -^1^A- 

Uniqueness follows from properties of the two functions in (|1.4p on the domain 
A e [0,1) U (1,00). First, observe that the right hand side is always positive on 
this domain while the left hand function is only positive on [0, 1). Second, sinh j is 
strictly decreasing on [0, 1) while j-^^ is strictly increasing. Finally, limA^o sinh j — 
= cxD while Xmix/^i sinh j — — —00. 

Lastly, we must verify that Cat Aq, to H f2 = XaCatMs- To that end we note that 
standard properties of hyperbolic functions give that 
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and so 

tanh — = Aq. 
Ao 

Hence, 1 — jj;- tanh = 0. But this imphes that 1 ~ jjj tanh > on Cat\^^^to ^ ^■ 
That is, (Cat Ao, to n f2) = CatMS- □ 

Acknowledgments. We would like to thank David Hoffman for his interest and 
his many helpful comments. We also thank Brian White for suggesting a simplifi- 
cation of the proof of Lemma IB. 51 

2. Convexity of the length of level sets 

Before we proceed with the proof of Theorem 11.31 we must recall some impor- 
tant definitions. We also state the result of Osserman and Schiffer regarding the 
convexity of the length of certain families of curves in minimal annuli in R^. 

2.1. The Flux Vector. For the purposes of this discussion we assume that S S 
A{0) for some Q.. Fix an orientation of E and let 7 C E be a simple closed 
curve in S on which we also fix an orientation. Our choices of orientation give rise 
to a normal vector field in S along 7 which we denote by v. We always think of 
the vectors v as vectors in K'^. The flux of 7 is defined to be the vector: 

(2.1) Flux{-i) ^ f i^dH^ e m\ 

J J 

As V ■ ei = ly ■ V-^Xi and on a minimal surface A-^Xi = 0, the divergence theorem 
implies that the flux of a curve depends only on its homology class. In particular, 
for a minimal annulus, E, we may associate a vector FluxCS), by choosing 7 so 
that [7] is a generator of i?i(E) and setting Flux{Y,) — Flux{'y); up to a reflection 
through the origin, FluxlT,) is independent of the choice of orientation of E and of 
7. In the sequel, we will consider 

F3(E) = F;wx(E)-e3, 

the vertical component of the flux of the minimal annulus E. We always choose 
orientations so that F3 > 0. 

An important property of the flux is that it sets a natural scale for a minimal 
annulus. Namely, suppose that E is a minimal annulus and E' = AE is the annulus 
obtained by homothetically scaling E by A > 0. Then one computes FluxiY,') — 
XFlux{T,). In particular, the flux allows one to distinguish between catenoids of 
differing scales. A more subtle property of the flux is that it also helps to set a 
natural conformal scale for elements of A{fl). More precisely consider E G A{fl). 
By the uniformization theorem there is a conformal diffeomorphism ip between E 
and a flat open cylinder, x /iS where here {h^,h-^) denotes a (possibly 

infinite) interval and /i§ denotes the circle of radius /i. Moreover, the ratio between 
\h-\- — h-\ and /i is determined by E. We claim this ratio is actually determined 
only by f2 and Flux{Yi). 

In order to show this we first need the following fact: 

Lemma 2.1. Let E e A{^) and suppose that E has the structure of a surface 
with boundary and that 9E is smooth. Then for any plane P <Z 0., P meets E 
transversally. 
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Proof. Using an ambient rigid motion and homothety, wc take r2 = {— l<a;3<l}. 
As is smooth, standard boundary regularity results imply that S may be viewed 
as a smooth surface with boundary. We first show that E meets the planes Pi = 
{x3 = 1} and P2 = {x3 = — 1} transversally. To that end we note that as dT, is 
smooth there is a uniform constant ro > so that for any point p e 9E, the 
inner and outer osculating circles have radius greater than tq. Moreover, there is a 
uniform bound on the ratio between intrinsic and extrinsic distance between points 
of 9S. Hence, there exists ri with < ri < so for any p E PiD 91] the following 
holds: there are circles in Pi denoted by Ci„(p) and Cout{p)> both of radius ri, such 
that Cin{p) lies within dT, n Pi (thought of as a plane curve in Pi) while Cout{p) 
lies outside dT, n Pi. Moreover, both circles Cin{p), Cout{p) meet dT only at p. A 
similar result holds for p € dT n P2. Without loss of generality we consider only 
p€ dTf^Pl. 

Now let Cat^ = Cat n {x^ > 0}. Denote by Catin{p) the set obtained from 
Cat~^ by translations and homotheties so that dCatmip) — Cin{p) and let Cat out (p) 
be defined in an analogous manner; notice that both Catin{p) and Catout{p) are 
disjoint from f7. Denote by Cat[^{p) the surfaces obtained by scaling Catin{p) by | 
about the center of Cin {p) and define Cat'g^^^ (p) similarly. By the strict maximum 
principle and the definition of A{^) we have that T f) dfl = dT. Hence, there is a 
5 > so that for all p both Cat^n{p) and Cat'^utip) can be translated along their 
axes by 5 into while remaining disjoint from E (that is translated in the direction 
—63). Let us denote by Cat-'„(p) and Cat"„((p) the surfaces resulting from this 
translation and let ACat"„(p) denote the result of scahng Cat'l^[p) by A > about 
the center of dCat'-^{p) and similarly for XCatg^f{p). As A — )■ both XCat"^{p) 
and XCat"^i(p) converge to a plane P"(p) C which must meet E as otherwise 
dT n Pi = which is impossible by the convex hull property and our definition of 
A{il). Hence, there are < Ai„(p) < 1 and < Xout{p) < 1 so that, for A < Ai„(p), 
XCat'l^{p) meets E but, for A > Ai„(p), XCat'l^{p) is disjoint from E; and the same 
for Xoui{p) with respect to XCat"^,,^{p). As a consequence, Xin{p)C at'l^{p) is disjoint 
from T\dT but meets dT and it must do so precisely at p and the same is true 
for Xout{p)Cat'out{p) ■ By the boundary maximum principle we then see that the 
normal to E at p cannot be orthogonal to Pi and hence Pi meets E transversally 
as do all planes {xs = t} for 1 — e < t < 1. A similar result holds for P2. Thus, 
for all planes P cfl near Pi or P2 , P fl E consists of a single smooth simple closed 
curve. 

Now let / = X3 be the function whose level sets are planes in fi. As E is minimal 
/ is a harmonic function on E and so has no local maxima or minima. In particular, 
at any critical points of / the vector field V/ has negative index. By our previous 
discussion / has no critical points near dT and, moreover, V/ is transverse to dT. 
As E is an annulus, the Hopf index theorem then implies that / has no critical 
points. □ 

As a consequence, Flux{T) and fl determine the cylinder with which E is con- 
formally equivalent: 

Corollary 2.2. Suppose that — {h- < X3 < h+} is an open slab. For any T e 
A{Sl) there is a conformal dijfeomorphism 

tp:T^ {h-,h+) X fiS 

given by V'(p) = {x3{p),x^{p)). Moreover, n = -^Fs^T) > 0. 
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Proof. Let J be the almost-complex structure on S arising from the metric and 
some choice of orientation. As 0:3 is a harmonic function, dxs is a harmonic one 
form. Moreover, dccg = dx^ o J, the conjugate differential, is also harmonic. In 
general, dxg, while closed, will never be exact. Indeed, for a general closed curve 7 
in S: 

Flux{'-f) -63= / dx^. 

Thus, integrating dx^ gives a map X3 : E R/F3Z where F3 = ^3(S) > 0. We 
will see that we must have F3 > and so M/F3Z = /zS. As dx3 and dx^ have the 
same length and are orthogonal, if we set ijj = (0:3, x^) then ^ is a conformal map. 

By Sard's theorem, for each e > there is an < e' < e so that both {a;3 = /i_ + e'} 
and {a;3 = — e'} meet S transversally. Moreover, as 6E C dVl, each of the 
finitely many components of {h- + e' < X3 < /i_ — e'} n E has the structure of a 
surface with boundary. By the convex hull property of minimal surfaces there is 
exactly one such component E^/ and it is an annulus. Lemma |2 . II implies that for 
h- -\- e' < t < h+ — e', each plane {x^ — t} meets E^', and hence E, transversally. 
In particular, dx^ does not vanish on E^' and hence ip restricted to E^' is a local 
diffeomorphism. As each level set oi x^ = t for h- + e' < t < h+ — e' \s con- 
nected and dxg does not vanish, ip is injective on these level sets and hence the 
restriction of ^ to E^/ is injective. In addition, it is then clear that ^ 0. Taken 
together it follows that -0 restricts to a conformal diffeomorphism between E^/ and 
-|-e', /i+ — e') X /i§. As e may be taken as small as we like, the result is shown. □ 

2.2. Osserman and Schiffer's Result. We now record the convexity result of 
Osserman and Schiffer from [13j that we will use. This result was a key step in 
their proof - also in jl3| - of the sharp isoperimetric inequality for doubly connected 
minimal surfaces in . We point out that the restriction to M"^ comes from their use 
of the Weierstrass representation in order to prove the convexity result. Roughly 
speaking, Osserman and Schiffer show that when a minimal annulus E C M"^ is 
conformally parametrized by an annulus A in the complex plane, then the length 
of the images in E of the circles foliating A satisfy a convexity condition that is 
sharp on catenoids and planar annuli. Precisely, 

Lemma 2.3. Let Ar^n — {z : r <\z\ < R] C C and suppose that F : Ar^R M"^ 
is a conformal harmonic immersion ( so in particular the image ofF is a minimal 
surface). If we let Up be the image of \z\ = p under F and define: 

(2.2) Lit)^n'M 

then 

(2.3) L"{t) > L{t) 

with equality if and only if F maps into a planar annulus or into a piece of a 
catenoid bounded by coaxial circles in parallel planes. 

For the sake of completeness we sketch Osserman and Schiffer's proof in Appen- 
dix [X] Rather than using Lemma 12.31 directly we use the following corollary: 

Corollary 2.4. Suppose that ft = < 2:3 < h+} and E e A{n). Set Et = 
E n {x3 — t}. Then for t G (/i-, h^): 



8 



JACOB BERNSTEIN AND CHRISTINE BREINER 



with equality if and only if Y, is a piece of a vertical catenoid C . 

Proof. By Corollarv l2.2[ ^3 7^ and there is a conformal diffeomorphism 

with image S and so that Et is the image of {t, •) under ip. Here /x = ^F^. One 
verifies that the map: 

G : {h-,h+) X ^ Ar,_m.+ C C 

h_ 

is a conformal diffeomorphism. Here v4i^_ — < \z\ < R^} with i?_ — e~ 
and i?+ = e *' . As a consequence, we obtain a conformal diffeomorphism: 

as in Lemma [2.31 We check that Et = F(|z| = e'i^) and so 

The corollary then follows immediately from Lemma 12.31 and the fact that — 



Remark 2.5. We give an alternate approach to Corollarv l2.4l in Appendix [B] While 
this approach avoids the use of the Weierstrass representation and gives a sharper 
conclusion, it requires a certain geometric estimate that is still conjectural. 

3. The Area Bound 

In order to prove Theorem 11.31 we use Corollary 12.41 to obtain a bound for the 
lengths of level sets: 

Proposition 3.1. Let P_ = {a;3 = /i-} and = {x^ = be distinct parallel 
planes in M.^ with /i_ < h^ and let fl be the open slab between them. Fix E G A(fl). 
Let Pq — {x^ — Hq} C Cl denote the plane that satisfies: 

Hi(EnPo)= inf n\j:t)- 

te(h-.,h+) 

Here Ef = E n {a;3 — t\ and 'H}{Yj fl P+) is defined as \\m\nit/'h+ ^^(Et) and 
likewise for 7^^(E n P-). Let C denote the vertical catenoid with Flux{C) = 
(0, 0,J3(E)), symmetric with respect to reflection through the plane Pq. If Ct — 
Cn{x3 = t} then for t £ 

(3.1) H\Yt)>H\Ct). 

Equality can hold when t ^ ho if and only if is a translate of C Clfl. 

Proof Set = n^i^t) for t e {h^,h+). By Lemma O depends 

smoothly on t and by Lemma 12.41 one has: 

with equality if and only if E is piece of a catenoid. Notice that is is a con- 
vex function on By setting — limt\^/j_ and L-£,{h+) = 
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liiTLt/ift^ L-£{t), we may think of Ls as a function on /i+J but possibly taking 
the value oo at the end points. The convexity ensures these limits exist. 

For C as in the statement of the theorem, C nfl e A{Q). Set Lc{t) = T-L^iCt). 
As Flux{C) ■ 63 = F3(E) = F3 by assumption, Corollary 12.41 implies: 



Notice that Lc is smooth on and the symmetry about Pq = {2^3 /lo} 

implies L'^{ho) = 0. 

We claim that Ls > Lc on with equality if and only if S is a piece of 

a catenoid. To see this we distinguish between when ho G {h^,h^) and when /ig is 
an endpoint. For any t G (^-, ^+) 



Fz = 


1 63 ■ vds 











with equality if and only if Sf is a geodesic in E. Similarly, if t = /i_ then 



-Fs = lim 



/ 63 • i/ds < lim / ds — Ls{h^ 



and the corresponding result holds when t ~ h^. As Cho is a geodesic in C, 
= ^3(C) = £c(/io)- Hence, Lc(/io) < Mho)- 

Now assume that /iq G (/i-, For i G (/i-, the choice of C and Corollary 
lUensure that Lciho) < Ls(/io), ^^(/lo) = = L'^iho) and ^ - ic(0) > 

^ pa (Lj:(t) — Lcit)). An ODE comparison then implies that for all t G h+], 
Fc{t) < L^{t) with equality holding for any t ^ ii and only if E is a piece of 
a catenoid and is a geodesic in E. Thus, equality holds for any t ^ ho, if and 
only if E is equal (up to a translation) to C Dfl. 

When ho = /i- we argue as follows: For e > small, set Lc,t{t) = Lc(t — e) 
and restrict attention to + e, h^). Clearly, L'^ ^ = Lc,e: F'q ^{h^ + e) = 
and L^{h^ + e) > L^(h^) > Lc,e{h- + e). Moreover, as Lj: is convex and has its 
minimum at L'^{h^ + e) > 0. Hence by an ODE comparison, L-s{t) > Lc.e(t) 
for t G [/i- +e, Letting e ^ implies L^{t) > Lcit) for t G [h^, h+]. Equality 
can hold if and only if E is equal (up to a translation) to C D Q. An identical 
argument applies when /iq = □ 



Remark 3.2. Proposition 13.11 fails if E were taken in the larger class of embedded 
elements oi Indeed, normalizing as in the proposition, it can be verified that 

(a suitably modified) version of Corollary 12.41 continues to hold for E at i so that 
{a;3 = t} meets E transversally. In particular, a modified version of Proposition 
13.11 holds between critical values of X3. However, it can be verified that while the 
length of level sets is continuous across critical values of X3 , the rate of change of 
the length of these level sets becomes infinite at a critical value. In particular, there 
is never convexity across critical levels. 

Let us now use Proposition 13.11 to prove Theorem 11.31 



Proof. We have verified: 
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with equahty for all t if and only if S is equal (up to a translation) to C fl f2. Fix 

/i* G {h-,h^) and define the function v4s,/i, (0 on [h^,h-^-) by 

A^,h,it) = ^^(S n {K <X3< t}) 

and the function Ac^h, similarly. 
The co-area formula implies that 

d . , , f 1 
-A^,hAt) 



Applying the Cauchy-Schwarz inequality yields: 

dt jj,^ |Vsa;3| F3 

Notice that one has equality if and only if and iVsccaj are linearly dependent, 

in other words are both constant. This is readily checked to be the case on C and 
so using the above estimate for length: 

^A.,At)>^^^^Aa,it). 

Integrating implies A-^^ht (t) > Ac.h, (t) for i G [h^, with equality if and only if 
S is a piece of of C. Letting h^, ^> proves the theorem. □ 



4. Sharp non-existence result 

As discussed in the introduction, given an open slab ft with dil = P+ U P_ and 
connected, simple closed curves a± C P± there need not be a surface S e Ai{fl) 
with 91] = (T+ U fj-. For instance, if the curves a± are too short relative to the 
height of the slab then there cannot be a connected minimal surface S G A4{^1) 
spanning cr±. Indeed, the monotonicity formula gives a lower bound on the area 
of such a S in terms of the distance between the planes, while the isoperimetric 
inequality gives an upper bound in terms of the lengths of the curves (for surfaces 
in A4{Q) with two boundary components the isoperimetric inequality with sharp 
constant is known to hold - see [131 )■ Alternatively, if the a± are well separated, 
barrier arguments can be used to rule out the existence of such S. Using Proposition 
13.11 we are able to give a sharp condition (see also Theorem 6 of TB for a related 
result): 

Theorem 4.1. Fix Q an open slab with dfl = P_ U P-f the union of two parallel 
planes. Let a± C P± be a pair of connected simple closed curves. Let Cms be the 
unique (up to translations parallel to P±) minimal surface in A{^) obtained via 
rigid motions and homotheties from CatMS- If we define Lcrit{^) ■= H^idCMs) 
and 

H\a+Ua-) < Lcriti^) 

then there is no surface E G A4(Cl) with dT, = CT-i- Ucr_. Moreover, i/ S G A4{il) is 
a smooth minimal surface with dT, = (T_ U (7+ and 

then T is a translate of Cms- 
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Figure 1. The subset CatMs{p) of Cat is indicated as well as the 



cones C+(p) and C_(p). 



In order to prove this theorem, we first prove a more general result. Namely, 
we will show the existence of a S £ A^(r2) with dYi = (t_ U cr+ is precluded if one 
boundary curve is too short as determined by an explicit function of the length of 
the other boundary curve. Roughly speaking, the existence of such a E relies on 
the existence of a vertical catenoid C so that 'h}{C fl P±) = H^{a+ U cr_). We 
point out that Theorem 4 of [13] gives the same result when one considers only 
S G A{il). As in the case for area bounds, a marginally stable piece of a catenoid 
will serve as the model. However, here the marginally stable pieces are generally 
not obtained from rigid motions and homotheties of CatMS- 

We begin by describing the general class of marginally stable pieces of Cat we 
will need. First note that the rotational symmetry and convexity of the function 
cosh< imply that for each point p = ze^ on the xa-axis, there are unique cones over 
p that intersect Cat tangentially. Precisely, there exist values t+ = t+{p) > and 
t_ = t-{p) < with the following property: the cones C+(p) (resp. C_(p)) over 
p of Catt^{p) = Cat n {^3 = t+(p)} (resp. Catt_(p) = Cat n {x^ = t_(p)}) meet 
Cat only at Catf.^i^p^ (resp. Cafj_(-p)). We observe also that tj^ is an increasing 
and continuous function of z with range (0, oo); similarly, i_ is increasing and 
continuous with range (— oo,0). Notice that Cat must be tangential to C±{p) at 
Catt_^(p)- We refer the reader to Figure [TJ 

Let CatMsip) be the bounded component of Cat\ {C+{p) U C-{p)). One ver- 
ifies that CatMS = CatMs{0) and that as p — >■ (0,0, oo), CatMsip) converges 
to Cat n {xa > 0}. We claim that CatMs{p) is marginally stable for each p. 
This follows from the observation that for A > the surfaces Cat^.jg{p) — p + 
A {CatMs{p) — p) give a foliation of the component C{p) of ]R^\ (C+(p) U C_(p)) 
containing CatMs{p)- Moreover, as Cat meets C{p) = dC{p) tangentially, the 
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motion of dCat\^g{p) at A = 1 is tangential to Catmsip)- As a consequence, the 
normal variation at A = 1 gives a positive Jacobi field on CatMsijp) vanishing on 
dCatMsip)- One also verifies that if Co = Cat n < < h+} is marginally 
stable then Cq = CatMsip) for exactly one value p. 

Using these marginally stable pieces, we now determine the explicit function of 
interest: 

Lemma 4.2. Fix ~ {—1 < a::3 < 1} and dVl^ = P_ U P+. There exist two 
well- defined functions Cms '■ ^ -^(f^o) o,'>^d Fvto '■ ^ determined in the 
following way: For each L_ > let Cms{L^) denote the unique (up to translations 
parallel to P±) marginally stable piece of a vertical catenoid with 

dCMs{L-) = cr_ U cr+ C P_ U P+ 

and l-0'[a-) = L_. Given Cms{L-), define 

Fn,XL-)^H\a+). 

Furthermore, P^o has the following properties: 

(1) If > _Fho(^-) then there is a vertical catenoid C = C{L^,L^) so that 
writing d{C n = 7_ U 7+ gives 'H^{"f±) = L±, while if < FQg{L^) 
no such vertical catenoid exists. 

(2) If C is a vertical catenoid with d{C H f2o) =7-^7+ and 'H^{'y^) < L_ 
then n\-f+) > Fn„{L^). 

(3) If C is a vertical catenoid with d{C H ^Iq) = 7_ U 7+, 'H^{'y-) — L_, and 
T~L^{l+) — Pna{L-) then C C\Q,q is a translate of Cms{LS). 

Remark 4.3. We note that for other slabs Vl it is straightforward to determine Fq, 
in terms of -Ff2o- Indeed, rigid motions leave the function invariant and F\q{L) = 
XFniX-^L). 

Proof. We claim that given any L_ > there is a marginally stable piece of a 
vertical catenoid Cms{L-) with dCusiL-) = (t_ U (t+ C P- U P+ and 7^^(cr_) = 
P_. Rather than prove this by direct computation, we use global arguments. Set 

C = —Cat~ei. 

Let Co = C nflQ and denote dCo = cr°_ U so that 'H^{c7°_) = L_. By domain 
monotonicity for eigenvalues, Cq is strictly stable because C fl {x^ > —1} is stable. 
Consider now the following smooth family of coaxial circles in P±: for t > set 
cri = ct" and = t{a'^ — ei) + ei. By 8, and a barrier argument, there is a 
1 > Tcrit > so that for each t e {Tcrit,^] there are Ct, strictly stable minimal 
annuli smoothly depending on t, with dCt — U a\. and for t = Tcrit there is a 
marginally stable annulus, Ct^^-^ , with OCt^^-^ = ^jTcru y fj'^crit _ ^^^e boundaries 
consist of coaxial circles, the proof of [16] implies that each Ct is a piece of a 
catenoid. In fact, for all t £ (T^it, 00) there is a strictly stable minimal annulus 
Ct with dCt — cr*_yj a\. To verify the claim, it suffices to consider t G (1, 00) and 
in this range the Ct are obtained from appropriate rescalings and translations of 
subsets of C. 

We claim that Ct^h is the desired Cms{L-) and gives P^o as outfined. We 
first note that by the uniqueness of the sets CatMsip) there are p, A and h so that 
Cx^r-it = X{CatMs{p) —p) +P + /lea. That is, Cr^^^j is, up to a vertical translation, 
a rescaling of one of the marginally stable pieces described previously. 
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For C" a vertical catenoid, let Cq = C Hilo- Suppose C" is such that OCq — 
(t'_ U (t!^ C P- U P+ and H^{(t'_) = L_. For the same p as before, we may write 
= {X'{Cat -p) + p+{h + Ah)e3) n r^o- We claim Ah < 0. This follows by 
noting that as CatMsip) meets C{p) tangentially {\'{Cat — p) + p + he^^) n P_ has 
length greater than L_. An upward translation only increases the length further 
and so one must translate downward, i.e. take Ah < 0. By a similar reasoning, one 
concludes that H^(cr^) > 'H}{a^"*). As CTj. are coaxial circles, we have a'_ = a^""* 
and (7^ surrounding <7^"* . By [S], as Ct^^.^ is marginally stable, if Cq differs from 
Ct^^ .J then SCq differs from dCr^^.^ ; hence in this case a'^ strictly surrounds a'^""* . 
By the preceeding paragraph we then see that OCq bounds a strictly stable annulus 
and so, by [8], Cg cannot be marginally stable. This proves the claimed uniqueness. 

Clearly, ([T]) is an immediate consequence of the preceeding argument. Further- 
more, if ([2]) failed to hold for a vertical catenoid C then it could be used as a 
barrier allowing one to construct a piece of a vertical catenoid violating ([!]) (see 
the proof of Proposition 14.41 for a detailed argument). Finally, by [5], as C^^^.j is 
marginally stable there is no other minimal surface with dCx^^-^ = dClp 

which verifies ([3]). □ 

As a consequence we may prove the following general proposition giving sharp 
conditions for the non-existence of minimal surfaces spanning a given pair of curves: 

Proposition 4.4. Fix f2 an open slab with dVL = _P_ UP+ the union of two parallel 
planes and let Cms ■ — > »4(f2), Fq : R"*" — > be the functions given by Lemma 
\4-S\ Let a± C P± be a pair of connected, simple closed curves. If 

n\a+) KFnin^cT-)) 

then there is no surface S G A4{^1) with dTi = (t+ U cr_ . Moreover, i/ S G M{fl) is 
a smooth minimal surface with dT, = (T_ U cr+ such that 

U\a+) = Fn{n\a-)) 

then Yi is a translate of Cms{'H^{o'-))- 

Remark 4.5. Let M2{^) C M{n) be the set of all E G M{n) with 61] = dY 
consisting of exactly two connected boundary components. If one considers : 
M2i^) — > the map defined by 

= {n\dT.np^),n\dT.nP+)) 

then the proposition says that the image of ^' is an unbounded region in the first 
quadrant of the plane whose boundary consists of the images of marginally stable 
pieces of catenoids and is explicitly given as the graph of the function Fq . 

Proof. Up to a rescaling and rigid motion we may take r2 = {— l<a;3<l}. Sup- 
pose that E G Ai{^l) has the structure of a smooth manifold with boundary and 
that dT, is embedded and consists of two connected components a± C P±. By as- 
sumption, the a± are connected, simple closed curves in P+ and It will suffice 
to show that H^{a+) > Fq,{T-0- [a ^)) . Note that E is allowed to be immersed and 
have arbitrary genus, however it may still be used as a barrier to construct an em- 
bedded annulus with the same boundary. Indeed, while ri\E may have more than 2 
components, only one of these, £7', is unbounded. Clearly, (T+ and cr_ are homotopic 
in r2' but are not null homotopic in £7'. In particular, there is an annulus A in f2' 
with dA — (T+Uct_ but no disk D in il' with dD ~ a+ or dD = ct_ Finally, we point 
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out that fl' is mean convex in the sense of Meeks and Yau [9 . As a consequence, 
by 1^ there is an embedded minimal annulus F C fi' with dV — (J cr- . 

By Proposition 13. 11 there is a vertical catenoid C so that if we write d{C fl fi) = 
74- U 7- where 7± C P± then 7i^{a±) > 'H^{'j±). Moreover the inequality is strict 
unless C nfl and T agree up to a translation parallel to P±. As H^(7_) < ?^^((t_), 
by (121) of Lemma [Q 

H\a+)>H\j+)>Fn{HH<^-))- 
Finally, by Lemma 14.21 and Proposition 13.11 equality is only achieved if F is a hor- 
izontal translate of CMs(^^(f-)). In this case, cr+ U cr_ = 9F consist of coaxial 
circles in parallel planes. Hence, the proof of [16] implies the a± can bound only 
pieces of a catenoid; that is, E is a horizontal translate of CMs(^^(f-)). □ 

We now prove Theorem 14. II 

Proof. Up to a rescaling and rigid motion we may take r2 = {— l<a;3<l}. By 
Proposition 14.41 we need only verify the theorem for vertical catenoids. The space 
of vertical catenoids is parameterized by A > and t where 

Catx^t = XCat + tes. 

Just as in the proof of Theorem 11.11 where we saw Cms minimized area among all 
vertical catenoid pieces in 51, we now show Cms minimizes boundary length in this 
same class. Setting L{X,t) = 'H^{d[il n CatA,t)), one computes 

L(A, t) ~ 27rA cosh — - — + 27rA cosh — - — . 

A A 

As L{\,t) — > oo when |(lnA,t)| oo, it suffices to find critical points of L. First 
observe that -^L = — 27rsinhi^ — 2tt sinh , which is zero only when t — Q. 
Thus one must only minimize L(A, 0) — 47rAcosh j. One verifies that the critical 
points of L{X,t) are of the form (Ao,0) where Ao satisfes Ao = tanh^. Hence, as 
in Theorem ll.il Aq is unique and Cat\„fi = Cms- □ 

Appendix A. Two Lemmas of Osserman and Schiffer 

For the sake of completeness, we present here a proof of Lemma [2.31 The argu- 
ment is that given by Osserman and Schiffer in [T3] though we have updated the 
notation where appropriate and omitted some details. The argument makes cru- 
cial use of the Weierstrass representation and so we first discuss this fundamental 
connection between minimal surfaces in M"^ and complex analysis. 

Consider as in Lemma 12.31 the following conformal, harmonic immersion: 

F : Ar,R R^. 

Here A^^r = {r < \z\ < R} C C. In particular, the image S of F is minimal. Denote 
by dh = h{z)dz the holomorphic one form on A^. ji whose real part is Y*dx^ and 
by g the function on A^^r given by the stereographic projection of the normal of S. 
Here z is the coordinate on A^^r induced from C. It is a standard exercise to see 
that the minimality of the image S implies that g is meromorphic. The Weierstrass 
representation allows one to recover F (up to a translation) from the data dh and 
g. Indeed, one has: 

(A.l) F:=Re [ (Ug-^ - g),Ug-' + g),l\ dh. 
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We point out that g and dh are not arbitrary. Indeed, it is straightforward to 
compute: 

^'\9\ + \gr'fdh®dh^''^{\g\ 



(A.2) 



4.,.., . . -^-^ ^ 4 V,.,, . I.9I ^fdz®dz. 

Hence, as F is an immersion, hg and hg^^ are both holomorphic and cannot vanish 
simultaneously. Additionally, as closed curves in A^^r should map to closed curves 
in S, the Weierstrass data must satisfy the following period conditions: 



gdh = / g-^dh, Re dh ^ 



for any closed curve 7 in Ar^R. Finally, the Weierstrass data can be used to compute 
Flux{F{'^)) for a curve 7 C Ar^R: 

1 



(A.3) 



Flux{F{j)) = Im 



^(5 ^ -5), ^{9 ^ 



g),l]dh. 



Lemma [^751 is a simple consequence of the following (also reproduced from 13 ): 



Lemma A.l. Let F be a holomorphic function on the annulus Ar.R- If F has no 
{\z\ — p\ <Z Ar^R, and satisfies f\z\-pFiz)^ = then 



zeros on 





dz 




dz 






> f \F\ 




J\z\=p 


z 


J \ z\—p 


z 


with equality if and only if F — az or 


F -- 


- az^^ . 





Proof. Let G be an arbitrary holomorphic function on the annulus Ar\R' and set 



ao — J^^^^pG |^|. As G is holomorphic: 



A|Gp = 4|G'p. 

Thus, the Cauchy-Riemann equations and the Wirtinger inequality imply: 



(A.4) 



/ P^AIGp 


dz 


> 4 / |Gp 


dz 


y \z\—p 


z 




z 



87r|ao| 



As F is non- vanishing on \z\ = p there are r < r' < R' < R so that r' < p < R' 
and F is non- vanishing on Ar'^R/. In particular, the winding number of the map 
F : Ar'^R' C\ {0} is a well-defined integer k with 

dF „ , 

= ZTTlk. 

\z\=p F 

If k is even then there is holomorphic function G on Ar'^R' so that F = G'^, while if 
k is odd there is holomorphic function G on Ar'.R' so that F — zG^. In both cases 
expand G in a Laurent series as 



(A.5) 



G(z) 



E 



n— — 00 



We treat the two cases separately: 

Case 1: When k is even, the constant term in the Laurent expansion of F is 
given (in terms of (lA.SI) ) by: 



a„a_„ = 0; 



n=l 
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here the condition that F— integrate to on |z| = p is used. Hence, 



^ / 2 2n . 2 -2n\ 



ri=l 



dz 
z 



That is, 



47r|ao|' < / \G\ 

J\z\=p 



dz 
z 



Combining this with (|A.4|) proves the Lemma in this case. 

Case 2: As A: is odd we have F = zG'^. We introduce an auxilhary holomorphic 
function H = zG so that zF = H^. One computes: 



l\2 



4:\ZF\ ' 



4|z3F| 



The constant term in the Laurent expansion of H is the term a_i from (|A.5p . 
Hence, the Wirtinger inequahty gives: 



< 



z\=p 



dz 

z 



27r|a_ 



El 

4 



z\=p 



\zF^_+Ff 
\zF\ 



dz 
z 



27r|a_ip. 



Similarly, 



\G\' 



'1 2 



IG'I 



dz 

z 



27r|oo|' 



dz 

z 



27r|an|'. 



As + F|2 + l^i^' - F|2 = 2|zF'|2 + 2|i^|2, combining the two inequalities and 
using — — = zF yields: 



\F\ 



\A=p 



< 



P 



However, 

\F\ 
and thus 



\G\' 



z\=p 



z\=p 

dz 
z 



\F\ 



\a-i\ 



ao 



\F\ 



< 



IF' 



/|2 



p'^\F\ 



\A=p 
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where the last equality follows from the fact that F is holomorphic. 

To see that the equality holds if and only if F = az or F = |- we refer the reader 

to [13]. □ 

We now prove Lemma 12.31 

Proof. Let dh and g be the Weierstrass data associated to F. Let S denote the 
minimal annulus that is the image of F. For z the usual coordinate on Ar.R, g = g{z) 
is a meromorphic function and dh = h{z)dz for some holomorphic function h{z). 
Up to taking an ambient rotation of 'E? we may assume that Flux{T,) = (0, 0, A), 
that is E has vertical flux. Using (|A.3p . it is straightforward to verify this flux 
condition restricts the Weierstrass data as follows: 



gdh — — g ^dh 
J ^ 

On the other hand the period conditions imply: 

/ gdh 

and so one concludes: 



g-^dh 



gdh - 



zgh- 



dz 



0, 



-^dh : 



zhg ^ 



dz 



0. 



If (Tp is the curve F({|z| = p}) we compute using (jA.2[) and the area formula: 



{\zgh\ + \zhg~^\)^-^ 

\z\=p \Z\ 



Recall, zgh and zhg ^ are holomorphic and non- vanishing, and so have zeros only 
at a discrete set of points. We assume in what follows that neither have a zero on 
\z\ = p. 

If we denote by L{p) = H^{ap) then L{t) = L(e*). Thus, 



L"it) = p- 

_ 1 
~ 2 

1 

^ 2 



dp \ dp 



P-T ( P-T i^'^ah] + \zhg-^\) 
\z\=p dp V «P 



dz 
z 



p^^{\zgh\ + \zhg-^\) 



dz 
z 



p—e^ 



where the last equality follows from integration by parts and the fact that on At^r: 



1 d 



1 d2 



p dp \ dp 

Notice that we have already ensured that 

dz 
zhg — 

|.|=p z 



zhg 



p2 ^6*2 
^ dz 







and so Lemma I A . 1 1 proves the theorem provided zhg and zhg~^ do not have a zero 
on \z\ = e*. Hence, away from a finite number of t the inequality holds. However, 
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as zhg and zhg ^ cannot simultaneously vanish L"(t) is continuous in t. Indeed, 
this is clear once one notes: 



\zhg\ + \zhg-^\ = \zW\hg\^ + \hg-^^+2\h\^ 

and that \z\ > 0. As L{t) is then also continuous, the result holds for all t. For the 
case of equality we refer to [13] . □ 

Appendix B. A conjectural approach 

One downside to the use of Lemma 12.31 is that it depends in an essential manner 
on the Weierstrass representation. This has the disadvantage of obscuring some 
of the geometric meaning as well as restricting applications to minimal surfaces in 
M?. For both these reasons it is fruitful to find a proof that avoids the use of the 
Weierstrass representation. In this section we give such an approach, albeit with 
one important caveat. Namely, we require a certain sharp eigenvalue estimate to 
hold that is, to our knowledge, still conjectural. We feel justified in presenting this 
approach both for the reasons already mentioned and because the conjecture is 
geometrically natural and seems to have broader applications in spectral theory. 

Conjecture B.l. Let a be a smooth closed curve in M'^ parameterized by arclength 
s. Denote by n the geodesic curvature of a. Then for any smooth function f on a 



(B.l) n\a) 




dl ' 
ds 



+ n f ds > (27r)^ / f^ds 



It is straightforward to verify that this inequality holds when a is the round 
circle; in this case one has equality for the function / = 1. 

Remark B.2. This conjecture is termed the "Oval's problem" and seems to have 
first appeared in the literature in [Tl. In that paper, R. D. Benguria and M. Loss 
show that Conjecture IB. II is related to conjectures about the one-dimensional Lieb- 
Thirring inequality. They also prove that (jB.l[) holds if one replaces (27r)^ by 
i(27r)^. One of the difficulties in proving this conjecture seems to be that there 
is a whole family of curves on which the putative best constant (27r)^ is achieved. 
These were constructed by A. Burchard and L. E. Thomas in [2] and consist of 
a one parameter family of ovals that contain the round circle and degenerate into 
a multiplicity two line segment. Burchard and Thomas also show that in some 
neighborhood of the family they construct the conjecture holds. For the general 
conjecture, the best constant so far achieved is « 0.6(27r)^ in [TU]. 

Using Conjecture IB. II we show the following proposition which is a sharpening 
of Corollary 12.41 The proof completely avoids the use of the Weierstrass represen- 
tation. 

Proposition B.3. Fix the open region between two parallel planes Pi — {x^ — hi} 
and P2 = {x3 = in where /ii < /i2- Let E G A{fl) and for t G {hi, /12) set 
St = E n {13 = t}. Then 

Here v, E2 are a global orthonormal frame on E so that v is parallel to Vx;a;3. 
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Remark B.4. The term A^v, E2) at a point p G S measures the rate of change at p 
of the "contact angle" between S and the plane P = {x^ — X3{p)} along the curve 
Y, D P. Recall the contact angle at p is the angle between n{p), the normal to S 
at p, and the plane P. In particular, this term vanishes identically on a vertical 
catenoid. Indeed, the everywhere vanishing of such a term characterizes the vertical 
catenoid - see [T5] . 

Before proving the proposition we do a slightly more general computation: 

Lemma B. 5. Consider T, a minimal hypersurface inW^^^ . Suppose that {xn+i =t} 
meets E transversely for all —e < t < e and that the intersection St is a closed man- 
ifold. Then 
(B.2) 



|Vsa;„+i 



12 



Here H^^ is the mean curvature of as a codimension two surface in M"+-'^ and 
is the mean curvature of as a hypersurface in S. Similarly, is the 

second fundamental form of 'St as a hypersurface in S. Finally, 

where A is the second fundamental form ofT,, v is a vector field on E so E2, ■ ■ - En 
are an orthormal frame on E^ and v is normal in E to Ej . 

Proof. The lemma will follow from the second variation formula for area. For 
t G (— e, e), let 0f : M"+^ M"+^ denote a smooth family of diffeomorphisms of 
with 00 (x) = X and 0t equal to the identity outside of a compact set. Then 
we may write 

0t(x) = X + tX(x) + i<2z(x) + 0(i3) 

where X, Z are compactly supported vector fields. Fixing M C M"+^ a fc-dimensional 
compact surface and letting Mt = 4>t{M) the second variation formula (see [17]) 
gives: 
(B.3) 

d^ 
dt^ . 

We claim the lemma is a simple consequence of this formula. Indeed, for fixed 
to e (— e, e) let X, Z be vector fields normal to Ej^ given by 

^ _ Vsa;n+i _ 1 

|Vsa;„+ip |Vs2:„+i| 

and 

A{v, y) ( n • e„+i 



U\Mt) = j divMZ+(divAfX)2+;^ |(i?,^X)^p- (r, • Dr^X) (r, • i?,,X) , 
=0 -''^t i=i 1.1=1 



-Ht. - ■ n / n • e„+i 



|VEa;„+i|2 \ |Vsa;n+i| 



-N. 
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Here n is the normal to S, v is the eonormal to Et^ in S and N is the outward 
normal to Et^ as a hypersurface in {xn+i — to}. Using these vector fields, given a 
parameterization Fq of Eij, if we set 

F{;t) = Fo(-) + {t- to)X(.) + i(t - to)'Z(.) + G{;t) 
then F[-,t) is a parameterization of Ef for t near with 

G(-,i) = 0(|<-to|'). 



In particular, (IB. 21) will follow from (IB.3|) by using these vector fields. 
It remains to evaluate the various terms in (jB.3l) . We first compute: 



div ■ 



Hy 



z 



iJs + Hs, ■ n 

|VsX„+i|3 



N 



where the last equality follows from the minimality of E. One also computes: 



1 



+ 1| 



\ME^,lyto)\' 



hi |Vex„+i| 



2 J— 



and 



(divs,„X)^= Lff- 



|Vsa;„+i 

Substituting these into (|B.3p completes the proof. 



□ 



We now show how Proposition IB. 31 follows from Conjecture IB. 1 



Proof. Set Et = E n {2:3 = t}. By Lemma I^TTI all the Et are smooth curves. As Et 
is a curve, iJsj = ks^, the geodesic curvature, and p = (iJ^J^. Thus, Lemma 
3] gives: 

2 .,2 



dt2 



Hi(Et) 



St 



1 



|VsX3 



"St 



> 



(27r) 



1 



Here the inequality used Conjecture IB. II Set 



at 



> 



where the second inequality follows from the Cauchy-Schwarz inequality and the 



last equality uses the fact that 63 ■ 1/ = 63 



|Vs2;3 



|V5]a;3|. Note that one has 



equality if and only if |Vsa;3| is constant on Et. Then on Et: 

1 



IVEX3I 



at +ip 
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where '0 is a smooth function on with xp = 0. Then one has: 

H6I1C6' 



3 

□ 
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